The order-disorder layering transitions, of the Blume-Capel model, are studied using the Monte Carlo (MC) simulations, in the presence of a variable crystal field. For a very low temperature, the results are in good agreement with the ground state study. The first order transition line, found for low temperatures, is connected to the second order transition line, seen for higher temperatures, by a tri-critical point, for each layer. The reentrant phenomena, caused by a competition of thermal fluctuations and an inductor magnetic field created by the deeper layers, is found for the first k 0 layers from the surface, where k 0 is exactly the number of layering transitions allowed by the ground state study. For each layer 'k', the layer magnetisations m k , the magnetic susceptibilities χ m,k and the quarupolar magnetic susceptibilities χ q,k are also investigated.
I. Introduction
When the theory of surface critical phenomena started developing, some attention has been devoted to the study of the Blume Capel (BC) model over semi-infinite lattices, with modified surface couplings. Benyoussef {et al.} [1] have determined the phase diagram in the mean field approximation, reporting four possible topologies at fixed bulk/surface coupling ratios. A similar analysis have also been done using a real space renormalization group transformation [2] . Other works referring to particular regions of the phase space are those using: the mean field approximation [3] , the effective field approximation [4] and the low temperature expansion [5] . All these works show that it is possible to have a phase with ordered surface and disordered bulk, which is separated from the completely ordered phase by the so-called extraordinary transition and from the completely disordered phase by the surface transition. When such a phase is absent, the transition between the completely ordered and the completely disordered phase is called ordinary. The meeting point of the lines of these three kinds of phase transitions is named special and it is generally a multicrititcal point. As discussed in Ref. [6] , the strong interest in these models arises partly from the unusually rich phase transition behaviour they display as their interaction parameters are varied, and partly from their many possible applications. In most of these cases considered so far, the bilinear interaction is ferromagnetic. In the anti-ferromagnetic case, the spin-1 Ising systems are used to describe both the order-disorder transition and the crystallisation of the binary allow, and it was solved in the mean field approach [7] . One of the most interesting and elusive features of the mean field phase diagram for the anti-ferromagnetic spin-1 Blume-Capel model in an external magnetic field, is the decomposition of a line of tri-critical points into a line of critical end points and one of double critical points [8] . This model was also studied by transfermatrix and Monte Carlo finite-size-scaling methods [9] , but such decomposition does not occur in the two dimensional model. Using the finite cluster approximation, Benyoussef et al. [10] have studied the spin-1 Ising model with a random crystal field. The effect of the surface and bulk transverse fields on the phase diagrams of a semi infinite spin-1 ferromagnetic Ising model with a crystal field was investigated in Ref. [11] within a finite cluster approximation with an expansion technique for cluster identities of spin-1 localised spin systems. On the other hand, the transverse field or crystal field effects of spin-1 Ising model has been studied by several authors [12] [13] [14] [15] . The experimental measurements of layer-by-layer ordering phenomena have been established on free-standing liquid crystals films such as nmOBC (n-alkyl-4'-nalkyloxybiphenyl-4-carboxylate) [16, 17] and 54COOBC (n-pentyl-4'-n-pentanoyloxy-biphenyl-4-carboxylate) [18] for several molecular layers. More recently, Lin el al. [19] [20] ), the existence of order-disorder layering transions in the Blume-Capel Ising films under the effect of a variable crystal field according to the law ∆ k =∆ S /k α ∆ S being the surface crystal field and 'k' the layer number from the surface and 'α' a positive constant). At our knowledge, there is no natural compounds with decreasing crystal fields from the surface to deeper layers. But there exist a series of single crystals R 2 Fe 14 B (R=Y, Nd, Gd, Tb ,Er ,Tm) with a variable crystal field anisotropy. Hence, by adjusting this anisotropy for each layer so that the amplitude of the resultant crystal field will decrease from a layer 'k' to the next layer 'k+1'. Hence, these materials can be grown layer-by-layer in a thin film with a decreasing crystal field from the surface to deeper layers. This can lead to an experimental realisation of our model. Moreover, the decreasing function we are considering in this model, i.e. k -α , is not unique since the orderdisorder layering transitions are found for any decreasing function of the crystal field from the surface to deeper layers. The purpose of this paper is to study the effect of a variable crystal field on the order-disorder layering transitions of a spin-1 using Monte Carlo simulations. This paper is organised as follows. Section 2 describes the model and the method. In section 3 we present results and discussions.
II. Model and method.
The system we are studying here is formed with N coupled ferromagnetic square layers in the presence of a crystal field. The Hamiltonian governing this system is given by (1) where, S l (l=i,j)=-1,0,+1 are the spin variables. The interactions between different spins are assumed to be constant so that J ij =J. The crystal field acting on a site 'i ' is so that ∆ i =∆ k for all spins of the layer 'k' so that:
The model we are studying, in this paper, corresponds to a crystal field distributed according to the law:
where ∆ S =∆ 1 is the crystal field acting on the surface (first layer k=1). The quantities computed, using the Monte Carlo simulations, for each layer 'k' containing N x ×N y spins (N x spins in x-direction and N y spins in the ydirection), are: -The layer average magnetisations m k =<M k >, where the site average magnetisation M k of the layer 'k' is given by:
-The layer magnetic susceptibilities defined as:
-The layer quadrupolar magnetic susceptibilities defined as:
In the above equations β=1/(k B T), T is the temperature and k B is the Boltzmann constant
The notation D k O N-k will be used to denote that the first 'k' layers are disordered while the remaining N-k layers are ordered. In particular, O N corresponds to an ordered film whereas D N denotes a totally disordered film. The surface crystal field ∆ k , applied on each layer 'k' is distributed according to the law given by Eq. (2).
III. Results and discussion
Monte Carlo simulations have been made on a system with N layers and N x =N y spins for the x and y-directions of each layer. We have found that by changing the system sizes from N=10 to N=15,20 layers (and N x =N y =64 to N x =N y =128), the relevant measured quantities did not change appreciably. For this reason we give, in all the following, numerical results for a system size with N=10 layers and N x =N y =64 spins for the directions: x and y. The ground state phase diagram of this model was established in Ref. [20] . For non null, but very low temperatures, the surface crystal field values found in this phase diagram are exactly those predicted by the ground state study ∆ S /J=3(K) α for the first k 0 layers, namely: the first layer transition is found at ∆ S /J==3.0, the second transition at ∆ S /J=6.0 the third transition at ∆ S /J==9.0 and so on. The numerical value of the surface crystal field, corresponding to the transition of the last layers k=8,9 and 10, is ∆ S /J ≈ 23.84; this coincides with the predicted value by the analytical study from the above equation (7). The reentrant phenomena, seen in this figure for a given layer k, is caused by the competition between the temperature and an inductor magnetic field created by the deeper layers. Indeed, when the thermal fluctuations become sufficiently important, the magnetisation of some spins, of deeper layers, becomes non null (+1 or -1). This leads to the appearance of an inductor magnetic field. This magnetic field is responsible of the ordered phase seen for the layer k. This argument can also explain the absence of the reentrant phenomena for the last layers, once the magnetisation of the remaining N-k layers, is not sufficient to create an inductor magnetic field. It is worth to note that the reentrant phenomena is always present for the layers k, (k ≤ k 0 ), and the corresponding tricritical points C i are located at a constant temperature. In absence of the surface crystal field, ∆ S → 0 , each layer of the film disorders at a fixed temperature T/J ≈ 3.15. This temperature value is smaller than that one established, using the mean field study, in Ref. [20] . A detailed study is done for a very low temperature, as it is shown in Fig.2 for T=0.2. Indeed, Fig. 2a shows that the individual layering transition temperatures undergo a first order transition at the crystal field values predicted by the analytical study, namely: ∆ S /J =3.0 for the first layer k=1, ∆ S /J=6.0 for the second layer k=2, ∆ S /J =9.0 for the third layer k=3, and so on. The last layers k=8, k=9 and k=10 transit simultaneously at ∆ S /J ≈ 23.84. On the other hand the layer quadrupolar magnetic susceptibilities χ q,k defined by Eq. (5), for each layer k, present a strong peak at the surface crystal field values corresponding to each layer transition; as it is illustrated by Fig. 2b . For a higher temperature, Fig. 3 corresponding to T/J=1.0, the layering transitions are second order type. Indeed, this is shown in Fig. 3a (Fig. a) , and the layer quadrupole magnetic susceptibilities χ q,k (Fig. b) , showing a first-order transition, as a function of the surface crystal field ∆ S , for a very low temperature: T=0.2. The number accompanying each curve denotes the layer order from the surface to deeper layers. (Fig.   a) , and the layer magnetic susceptibilities χ m,k (Fig. b) , undergoes a second-order transition, as a function of the surface crystal field ∆ S .
On the other hand the reentrant phenomenon, seen for the first k 0 layers is well illustrated in Fig. 5 for the layer k=7 at a fixed surface crystal field value ∆ S /J=22.0. (Fig. a) and the layer magnetic susceptibilities χ m,k (Fig. b) show a second-order transition as a function of increasing temperature. For each layer 'k' (k=1,2,...,N), the transition is located at T=2.95. Indeed, the two transitions: from disorder to order and from order to disorder of the layer k=7 are well seen in Fig. 5 for the layer magnetisation m 7 . The corresponding layer magnetic susceptibility χ m,7 exhibits two strong peaks at these transitions. 
IV. Conclusion
The order-disorder layering transitions of the Blume-Capel Ising model have been studied under the effect of a variable crystal field according to the law Eq. (2), using mean field theory. The reentrant phenomena, caused by a competition of thermal fluctuations and an inductor magnetic field created by the deeper layers, is found for the first k 0 layers counted from the surface; where k 0 is exactly the number of layering transitions allowed by the ground state study. We established the temperature-crystal field phase diagrams and found that the last N-k 0 layer tri-critical points are located at higher temperature values for a fixed exponent α and film thickness N. For very low temperatures, the results are in good agreement with those predicted by the ground state study. The first order and the second order transition lines are connected by a tricritical point, for each layer. On the other hand, the layer magnetisations m k , the magnetic susceptibilities χ m,k and the quarupolar magnetic susceptibilities χ q,k , for each layer k, have been investigated.
